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We derive an new expression for the calculation of
activation energies within the framework of transition
path sampling. Using this expression one can determine
activation energies without knowledge of the reaction
mechanism, which is often unavailable for processes
occurring in complex systems. Since in this method
activation energies are calculated directly from path
averages, no computationally expensive calculation of
reaction rate constants is necessary. As an illustrative
example, we determine the activation energy for the
isomerization of a model diatomic immersed in a bath of
repulsive soft particles.

Keywords: Activation energy; Computer simulation; Transition
path sampling; Chemical kinetics

INTRODUCTION

The temperature dependence of many rate constants
for chemical reactions follows the Arrhenius law [1],

k = vexp(—BE,), (€8]

where v is the so-called pre-exponential factor, E, is
the activation energy, and 8 = 1/kpT is the inverse
temperature. Both the activation energy E, and the
pre-exponential factor v can be determined from
experimental data by plotting the logarithm of the
reaction rate constant k as a function of B. The
negative slope of this line is the activation energy:

d
Eu = _ﬁh‘lk (2)

The pre-exponential factor v, on the other hand, can
be determined from the intersect of the In k vs. B
curve with the y-axis. In the framework of transition
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state theory the activation energy E, is the potential
energy difference between reactants and the
transition state, usually identified with a saddle
point on the potential energy barrier separating
reactants from products. The pre-exponential factor
v depends on the entropy difference between
reactants and transition state and it also includes
dynamical corrections.

Since the Arrhenius parameters E, and v are
accessible experimentally, their theoretical predic-
tion is of great interest. In principle, these
parameters can be determined computationally by
calculating the reaction rate constant as a function of
temperature and then proceeding in a manner
analogous to the analysis of the experimental data.
The calculation of rate constants, however, is
computationally expensive. For this reason, a direct
calculation of kinetic observables, such as the
activation energy, is highly desirable. In this paper,
we present a procedure to accomplish exactly that.
Based on the transition path sampling methodology,
our approach to determine activation energies does
not require full rate constants calculations. Instead,
the derivative of the reaction rate constant with
respect to the inverse temperature 8 is expressed in
terms of transition path averages which can be
evaluated directly in a transition path sampling
simulation. Since the transition path sampling
method does not require any knowledge of
mechanisms or transition states, our approach can
be used to determine activation energies in complex
systems where such knowledge is usually unavail-
able. We demonstrate the validity and practicality
of the method by applying it to the isomerization of
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a diatomic molecule immersed in a fluid of purely
repulsive particles.

The remainder of this paper is organized as
follows. To introduce the formalism and the termino-
logy we give a brief outline of the transition path
sampling methodology in the second section. In the
third section, we derive the expressions necessary to
calculate the activation energy E, with transition path
sampling techniques. An example calculation for the
solvated diatomic is presented in the fourth section
and conclusions are drawn in the fifth section.

TRANSITION PATH SAMPLING

Transition path sampling, developed to simulate rare
processes in complex systems, is a computational
methodology based on a statistical mechanics of
trajectories [2]. Recently, this methodology has been
applied to the study of a variety of important
systems [3—6]. The reader is referred to Refs. [7,8] for
in-depth reviews of the transition path sampling
approach. In this section, we will give a brief account
of the transition path sampling method in order to
introduce the concepts and the notation necessary to
follow the derivations in the following sections.
Although transition path sampling is not restricted
to a particular type of dynamics, here, for simplicity,
we limit ourselves to deterministic dynamics where
entire trajectories are determined completely by their
initial conditions.

Consider a molecular system with Hamiltonian
H(x) evolving according to Newton’s equations of
motion and described by a phase space point
x = {g,p} which includes positions § and momenta
p of all particles. Assume further that initial
conditions x( are distributed canonically, i.e. p(xg) =
exp[—BH(xp)]1/Q. Here, Q is a factor normalizing the
phase space distribution. The state x; of the system at
time t is obtained by solving Newton’s equations of
motion starting from initial conditions x, at time 0.
Since our main purpose is to study activated
processes connecting long-lived stable states, we
focus on trajectories starting in a specific region of
configuration space, A, and ending in a different
region, B. For instance, A and B would be reactants
and products in the case of a chemical reaction, while
for a phase transition A and B may denote two
different phases of a condensed material. We can
now define the transition path ensemble, i.e. the
distribution of trajectories (represented by their
initial conditions x() originating in region A and
ending in region B at a certain time ¢:

fap(xo,t) = p(xo)ha(xo)hplxi(x0)1/Qap(t).  (3)

Here, the indicator functions h,(x) and hp(x) are
unity if x belongs to the respective stable region and

they vanish otherwise. The “partition function”
Qag(t) normalizes the transition path ensemble.

The transition path ensemble defined in Eq. (3) is a
statistical description of all trajectories connecting
A and B within time t. This ensemble can be sampled
with efficient Monte Carlo methods [2,7]. In this
approach, one proceeds by generating a new path
from an old one and then rejecting or accepting it
with a probability depending on how the weight of
the new path compares to that of the old path.
Various algorithms are available to generate a new
path from an old one. In the shooting algorithm [2],
for instance, a new path is generated from an old one
by selecting a point along the path at random. Then,
the momenta belonging to this point are changed by
a small, random amount and the equations of motion
are integrated forward and backward starting from
the state with changed momenta to complete the new
trajectory. The new trajectory is then accepted using
the Metropolis rule designed to satisfy detailed
balance between the forward and backward path
move. By repeating this procedure one generates a
sequence of pathways, each of which is reactive, i.e.
it connects region A with region B, and occurs with a
probability proportional to its weight in the
transition path ensemble. Analysis of the harvested
pathways can then yield detailed mechanistic insight
into the reaction mechanism.

The transition path sampling formalism can also
be used to calculate reaction rate constants for
processes involving rare events. For this purpose, the
time correlation functions connecting the micro-
scopic dynamics of the system with the phenomen-
ological description of the kinetics are most
conveniently cast in form of averages over the
transition path ensemble [7,10]. In this case, however,
it is advantageous to consider a transition path
ensemble differing slightly from the ensemble
defined in Eq. (3):

Fapo. b = pxo)haeo)Hp(xo, H/Qap(), ()

where QZB(t) is a normalizing factor. Note that in
Eq. (4) the function Hp(xy, t) replaces the indicator
function hp(x;). In contrast to hp(x;), which depends
only on a particular state of the system, the function
Hpg(xp,t) depends on all states along the trajectory of
length t starting at x. If in the time interval between
0 and ¢ the trajectory visits region B at least once,
Hp(xp, t)is unity and it vanishes otherwise, or, in other
words, Hp(xp,t) = maXo=,=hp[x:(x0)]. Thus, path-
ways with a non-zero weight in the path ensemble
f (X0, 1) are required to begin in A and visit region B
before t but do not need to end in B.

Writing time correlation functions in terms of
path averages, the reaction rate constant can be
calculated in two steps [7]. The first step consists in
determining the conditional probability Cap(t) of
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observing the system in state B at a particular time ¢
provided the system was located in A at time 0. This
probability can be written in terms of a “free
energy” difference between different ensembles of
pathways and its numerical evaluation is computa-
tionally expensive. In a second, less expensive step a
single transition path sampling simulation can be
used to obtain C,p(t) for a wide range of times ¢. The
forward reaction rate constant is then given by the
plateau value of the time derivative of Cap(t). A
detailed description of the procedure sketched
above can be found in Ref. [7].

The calculation of the free energy, or reversible
work, to change between ensembles of trajectories is
often computationally very expensive and, for some
systems, beyond the capabilities of current comput-
ing technology. For this reason, alternative methods
for calculating kinetic observables, such as the
activation energy E,, are highly attractive. In the
following section, we describe a way to determine
the derivative of the rate constant with respect to 3,
which is related to the activation energy E, for
activated processes. This method does not require to
carry out demanding free energy computations.

CALCULATING ACTIVATION ENERGIES

The correlation function

(ha(xo)hp(xt))
(hay

relates the microscopic dynamics of a system to its
phenomenological description in terms of reaction
rate constants. In the case of simple activated
dynamics this correlation function approaches its
asymptotic value exponentially, Cap(t) = (hp)[1 —
exp(—t/Txn)]l, where 7y = (kag +kpa)™ ! is the
reaction time, and ksp and kpa are the forward and
backward reaction rates, respectively. This exponen-
tial behavior breaks down for times shorter than the
molecular time scale 7,01, roughly the time required
to cross the barrier. If there is a separation of time
scales, i.e. if Tmol << Trxn, the correlation function C(t)
grows linearly in the intermediate time regime
Tmol < I < Tyxn. The plateau value of its time
derivative,

Cap(t) = ®)

d
k(t) = 5 Cap®; (6)

in this time regime is the forward reaction rate
constant k4g [9]. In analogy to Eq. (2) we now define a
time dependent activation energy E,(t) whose
plateau value in the intermediate time regime is the
activation energy:

9
E.(H) = — @m k(b). @)

For Newtonian dynamics and a canonical distri-
bution of initial conditions we rewrite the above
equation as

9 1 dxo expl—BHGx) (o) (xe)
B [ dxoexpl[—BH(xo)lha(xo)

where the dot denotes a time derivative. Evaluating
the derivative with respect to 8 we obtain

£ty — [ dxoexpl= BHG0)haGo)hs (e Hixo)
' [ dxoexpl—BH(xo)ha(xo)hs(x)

[ dxoexpl—BH(x0)1ha(xo)H(x0)
[ dxoexp[—BH(xo)ha(xo)

Eq(t) = — )

9

The second term on the right hand side of the above
equation is simply the average (H), of the energy
H(xp) restricted to region A. The first term involves
more complicated averages over pathways. To make
this term accessible to a transition path sampling
simulation, we insert the function Hg(xp,7) into the
integrand of numerator and denominator. Here, 7'is
the maximum time for which we desire to evaluate
E,(t). The reason that Hp(xp,7) can be inserted into
the integrals without changing them is that Hg(xo, 7)
vanishes only if hp(x;) = 0 for all0 = t = 7, in which
case the integrand vanishes anyways. If, on the other
hand, hg(x;) =1 for some t between 0 and 7,
Hpg(xp,7) = 1 and the integrands remain unchanged
also in this case. At the same time we multiply and
divide that term with the normalization constant of
the ensemble of pathways starting in A in visiting B
before time 7:

| dxoexpl — BH(x0)ha(x0)Hp (xo, T )hp(xt)H(x0)

E.(t) =
® | dxoexpl—BH(x0)1ha(xo)Hp(xo, T)

| dxgexpl—BH(x0)1ha(xo)Hp(x0, T)
| dxoexp[— BH (x0)1ha(x0)Hp(xo, T)hp(x;)

— (H)a- (10)

Thus, we can write the time dependent activation
energy E,(f) in terms of path averages:

(s (OHOO)) a5
<hB(xt)>AB

The paths over which one averages have length 7
and f is in the interval [0, 7].

Equation (11), which is the central result of
this paper, suggests the following procedure for
calculating activation energies in the transition
path sampling formalism. First, one carries out
a transition path simulation for pathways
starting in A and visiting B _before time 7.
The two functions (hp(x)H(x0)),; and (hp(xp)p
are calculated as averages in this ensemble.

Eq(t) = (H)a- an
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Then, one takes the time derivative of both
expressions and divides one by the other for all
times 0 =t = 7. Finally, the average total energy of
state A, calculated in a separate molecular dynamics
or Monte Carlo simulation is subtracted from this
ratio. The activation energy E, is then given by the
plateau value of E,(t). Note that in this procedure no
expensive free energy calculation in path space is
required.

ISOMERIZATION OF A DIATOMIC MOLECULE

To demonstrate the practicality of this procedure we
have applied it to the isomerization of a model
diatomic immersed in a fluid of purely repulsive soft
spheres [10,11]. This model, which has been used
earlier to validate transition path sampling algor-
ithms for the calculation of reaction rate constants
[10], consists of N point particles in two dimensions
interacting with each other according to the Weeks—
Chandler—Andersen potential [12],

4e [(’7’)12_ (%)6} +e€ for r=rwca =2"0,
Vwea(r) =
for r>rwca.

(12)

Here, r is the interparticle distance, and € and o
specify the strength and the interaction radius of the
potential, respectively. In addition, two of the N
particles experience a double well potential binding
them to each other,

2
(r — rwca — w)?

de(i’) =h|l- 02

13)

Here, h denotes the height of the barrier separating the
two potential energy wells located at rwca =260
and ryca + 2w, respectively. The diatomic can exist in
either of these two states differing in the interatomic

25 T T
. 20 <>, 7
- B kL
?.—5 s —_— <hB(t)H(x”)>AB |
2
3
=
Q
£
0 P R N S R
0 0.5 1 1.5 2

t

FIGURE 1 Path averages (hB(x,)H(xo));;B and <h3(x,));B as a
function of time t for isomerizations of the model diatomic
described in the main text.

20 T I T I T ] T

U 1 I 1 I 1 | 1
0 0.5 l 1.5 2

t

FIGURE2 Activation energy E,(t) as a function of time t obtained
from the path averages presented in Fig. 1. The plateau value of
this function is the activation energy E,.

distance r. If the barrier height & is large compared to
kgT, transition between these states are rare.

We have calculated E,(t) for the transition from the
contracted to the extended state using the approach
described above for a barrier height of 10e€. In this
example calculation, the total particle number was
N =9 (2 particles belonging to the diatomic and
7 solvent particles), the temperature was kzT = ¢,
the barrier width was o = 0.250 and the density was
p = 0.60 2. The equations of motion were integrated
with the velocity Verlet algorithm with a time step of
At = 0.002(7?10'2/6)1/2. A total of 2 X 10° pathways of
length 2.0(mo?/€)"/? were harvested with the shoot-
ing and shifting algorithms (60% shooting moves and
40% shifting moves). Momentum displacements
drawn for each degree of freedom from a Gaussian
distribution with width ép = 0.04(me)"/? yielded and
acceptance rate of 50% for shooting moves. Shifting
moves with time shifts drawn from a uniform
distribution with maximum shift +0.4(mo?/€)"/?
were accepted with a probability of 80%. The system
was defined to be in state A if the interatomic distance
r<135c and in state B if r>1450. The time
derivati*ves of the path averages (hp(x;)H(x0)),5 and
(hp(x4)) 45 Obtained from this transition path sampling
simulation are depicted in Fig. 1. The resulting time
dependent activation energy E,(t) is shown in Fig. 2.
The plateau value of E,(t) is about 10€, nicely
coinciding with the potential energy barrier separa-
ting the two states of the diatomic.

CONCLUSION

We have derived and demonstrated a practical
transition path sampling procedure to determine the
activation energy of chemical reactions in complex
systems, where knowledge of transition states or
reaction coordinates is unavailable. In this method
one calculates the activation energy directly without
the need to carry out computationally demanding
calculations of reaction rate constants. While in this
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paper we have focused on activated processes with
an Arrhenius temperature dependence of the
reaction rate constant, our approach is useful also
for non-Arrhenius processes. In this case, the
derivative of In k with respect to 8 computed via
transition path sampling simulations cannot be
identified with an activation energy, but it can still
be compared to its experimental counterpart.

Our method is also of interest in parallel tempering
transition path sampling simulations [13]. In this case,
one can determine the reaction rate constant using
traditional method for one single temperature. Then,
reaction rate constants at all other temperatures
can be obtained at no extra cost by integrating the
temperature derivative of k calculated using
the approach described in this paper.

While our approach is exact and its application to
small systems is straightforward, large energy
fluctuations may complicate the calculation of
activation energies for processes taking place in
large systems. To simulate configurational transitions
of proteins, for instance, thousands of particles are
usually necessary. Since energy fluctuations grow
with the square root of the particle number, it may be
computationally difficult to determine the two right
hand side terms of Eq. (11) with a statistical accuracy
sufficient for an accurate calculation of the activation
energy. Current work in our groups is directed
towards overcoming this complication. We note that
the approach to calculate the activation energy
advocated in this paper is very generally applicable
to other path sampling techniques. For instance,
for the transition interface sampling method [14]
a similar result can be derived [15].
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